The Rayleigh-Ritz and the inverse iteration methods are used in order to compute the eigenvalues of 3D Fredholm-Stieltjes integral equations, i.e. 3D
Introduction
The theory of Fredholm integral equations is strictly connected with the birth of functional analysis. A background of this theory can be found in classical books (see e.g. [1] [2] ). For recent developments relevant to numerical computation of solutions, see [3] .
In [4] [5] , the Author shows that the Fredholm theory still holds considering the so called charged Fredholm integral equations, i.e. Fredholm equations with respect to a Stieltjes measure obtained by adding to the ordinary Lebesgue measure a finite combination of positive masses concentrated in arbitrary points of the considered interval. A topic which at present is included, as a particular case, in the theory of strictly positive compact operators.
In the one-dimensional case, the mechanical interpretation of these equations How to cite this paper: Caratelli, D., Natalini, P. and Ricci, P.E. the above mentioned eigenvalue problems was solved, by using the so called inverse iteration method, showing applications in one and two-dimensional cases.
In this article, after briefly recalling the main results about the theory of eigenvalues for charged Fredholm integral equations, we mention how to obtain (in the particular case of a symmetric and strictly positive operator), the lower and upper approximations of these eigenvalues by means of the Rayleigh-Ritz method [1] , [11] and the Fichera orthogonal invariants method [11] [12] respectively. Then we conclude by showing that, even in the three-dimensional case, the lower approximations of the eigenvalues obtained by means of the Rayleigh-Ritz method can be improved by applying the inverse iteration method [13] . Numerical computations relevant to the considered case are developed in the concluding section.
Lebesgue-Stieltjes Measures in a 3D Interval
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These formulas will be useful in the following.
The Eigenvalue Problem for 3D "Charged" Operators
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Computation of the Eigenvalues for Charged Integral Equations
The computation of the eigenvalues of second kind Fredholm integral equations is usually performed by using the Rayleig- Rayleigh-Ritz method. This approach was already considered in [13] , and will be applied even in the present case.
We will not describe herewith the three above mentioned methods, because they are essentially independent of the dimension of the considered vibrating item (string, membrane or body). We refer for shortness to the above mentioned 
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, i.e. the kernel is symmetric, and even positive definite, since
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x y z x y z ρ − − − = (see Figure 5 ). Under this assumption, the approximate eigenvalues evaluated by using the Rayleigh-Ritz and inverse iteration methods are listed in Table 3 , whereas the relevant eigenfunctions are shown in Figure 6 .
Numerical Example 4
Let 1 a b c = = = , and ( ) Figure 7) . Under this assumption, the approximate eigenvalues evaluated by using the Rayleigh-Ritz and inverse iteration methods are listed in Table 4 , whereas the relevant eigenfunctions are shown in Figure 8 . (see Figure 9 ). Under this assumption, the approximate eigenvalues evaluated by using the Rayleigh-Ritz and inverse iteration methods are listed in Table 5 , whereas the relevant eigenfunctions are shown in Figure 10 . 
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Under this assumption, the approximate eigenvalues evaluated by using the Rayleigh-Ritz and inverse iteration methods are listed in Table 6 , whereas the relevant eigenfunctions are shown in Figure 12 . 
, , sech 4 Figure 13 ). Under this assumption, the approximate eigenvalues evaluated by using the Rayleigh-Ritz and inverse iteration methods are listed in Table 7 , whereas the relevant eigenfunctions are shown in Figure 14 . 
